Introduction
This paper is devoted to studying the derived categories D b (X) of coherent sheaves on smooth algebraic varieties X and on their noncommutative counterparts. Derived categories of coherent sheaves proved to contain the complete geometric information about varieties (in the sense of the classical Italian school of algebraic geometry) as well as the related homological algebra.
The situation when there exists a functor D b (M ) −→ D b (X) which is fully faithful is of special interest. We are convinced that any example of such a functor is both algebraically and geometrically meaningful.
A particular case of a fully faithful functor is an equivalence of derived categories
We show that smooth projective varieties with ample canonical or anticanonical bundles are uniquely determined by their derived categories. Hence the derived equivalences between them boil down to autoequivalences. We prove that for such a variety the group of exact autoequivalences is the semidirect product of the group of automorphisms of the variety and the Picard group plus translations.
Equivalences and autoequivalences for the case of varieties with non-ample (anti) canonical sheaf are now intensively studied. The group of autoequivalences is believed to be closely related to the holonomy group of the mirror-symmetric family.
We give a criterion for a functor between derived categories of coherent sheaves on two algebraic varieties to be fully faithful. Roughly speaking, it is in orthogonality of the images under the functor of the structure sheaves of distinct closed points of the variety. Then we widen the categorical approach to birational geometry by including in the picture some noncommutative varieties. We propose to consider noncommutative desingularizations and formulate a conjecture generalizing the derived McKay correspondence.
We construct a semiorthogonal decomposition for the derived category of the complete intersections of quadrics. It is related to classical questions of algebraic geometry, like 'quadratic complexes of lines', and to noncommutative geometric version of Koszul quadratic duality.
The research described in this publication was 
Equivalences between derived categories
The first question that arises in studying algebraic varieties from the point of view of derived categories is when varieties have equivalent derived categories of coherent sheaves. Examples of such equivalences for abelian varieties and K3 surfaces were constructed by Mukai [Mu1] , [Mu2] , Polishchuk [Po] and the second author in [Or2] , [Or3] . See below on derived equivalences for birational maps. This theorem has a generalization to smooth orbifolds related to projective varieties with mild singularities, as it was shown by Y. Kawamata [Kaw] .
Now consider the problem of computing the group AutD b (X) of exact (i.e. preserving triangulated structure) autoequivalences of D b (X) for an individual X .
Theorem 2.3 [BO2] Let X be a smooth irreducible projective variety with ample canonical or anticanonical sheaf. Then the group of isomorphism classes of exact autoequivalences
D b (X) → D b (X) is
generated by the automorphisms of the variety, twists by all invertible sheaves and translations.
In the hypothesis of Theorem 2.3 the group AutD b (X) is the semi-direct product of its subgroups PicX ⊕ Z and AutX , Z being generated by the translation functor:
Fully faithful functors and semiorthogonal decompositions
An equivalence is a particular instance of a fully faithful functor. This is a functor F : 
If a semiorthogonal sequence generates D as a triangulated category, then we call it by
semiorthogonal decomposition of the category D and denote this as follows:
Examples of semiorthogonal decompositions are provided by exceptional sequences of objects [Bo] . These arise when all B i 's are equivalent to the derived categories of finite dimensional vector spaces D b (k − mod) . Objects which correspond to the 1-dimensional vector space under a fully faithful functor F :
defined as exceptional, i.e. those satisfying the conditions Hom i (E , E) = 0 , when i = 0 , and Hom 0 (E , E) = k . There is a natural action of the braid group on exceptional sequences [Bo] and, under some conditions, on semiorthogonal sequences of subcategories in a triangulated category [BK] .
We propose to consider the derived category of coherent sheaves as an analogue of the motive of a variety, and semiorthogonal decompositions as a tool for simplification of this 'motive' similar to splitting by projectors in Grothendieck motivic theory.
Let X and M be smooth algebraic varieties of dimension n and m respectively and E an object in D b (X × M ) . Denote by p and π the projections of M × X to M and X respectively. With E one can associate the functor Φ E :
defined by the formula:
It happens that any fully faithful functor is of this form. 
The assumption on existence of the right adjoint to F , which was originally in [Or2] , can be removed in view of saturatedness of D b (M ) due to [BK] , [BVdB] .
This theorem is in conjunction with the following criterion. 
Here t , t 1 , t 2 stand for closed points in M and O t i for the skyscraper sheaves.
The criterion is a particular manifestation of the following important principle: suppose M is realized as an appropriate moduli space of pairwise homologically orthogonal objects in a triangulated category D taken 'from the real life', then one can expect a sheaf of finite (noncommutative) algebras A M over O M and a fully faithful functor from the derived category
There are also strong indications that this principle should have a generalization, at the price of considering noncommutative DG moduli spaces, to the case when the orthogonality condition is dropped.
Derived categories and birational geometry
Behavior of derived categories under birational transformations shows that they can serve as a useful tool in comprehending various phenomena of birational geometry and play possibly the key role in realizing the minimal model program. 
are fully faithful. 
Denote by D(X)
(O Y (k) ⊗ p * (·)) .
Theorem 4.2 [Or1][BO1] We have the semiorthogonal decomposition of the category of the blow-up:
D b ( X) = D(Y ) −r+1 , .
.., D(Y ) −1 , D(X) .
Now we consider the behavior of the derived categories of coherent sheaves with respect to the special birational transformations called flips and flops.
Let Y be a smooth subvariety of a smooth algebraic variety X such that
If X is the blow-up of X along Y , then the exceptional divisor Y ∼ = P k × P l is the product of projective spaces. We can blow down X in such a way that Y projects to the second component P l of the product. As a result we obtain a smooth variety X + , which for simplicity we assume to be algebraic, with subvariety Y + ∼ = P l . This is depicted in the following diagram:
The birational map X X + is the simplest instance of flip, for l ≤ k . If l = k , this is a flop.
Theorem 4.3 [BO1]
In the above notations, the functor Rπ * Lπ + * : Y is a divisor in X . Kawamata [Kaw] generalized the theorem to those flips between smooth orbifolds which are elementary (Morse type) cobordisms in the theory of birational cobordisms due to Wlodarczyk et al. [Wl] , [AKMW] .
Let X and X + be smooth projective varieties. A birational map X f l X + will be called a generalized flip if for some (and consequently for any) its smooth resolution 
Conjecture 4.4 For any generalized flip X f l X + there is an exact fully faithful functor
F : D b (X + ) −→ D b (X) .
It is an equivalence for generalized flops.
This conjecture was recently proved in dimension 3 by T. Bridgeland [Br] .
The functor Rπ * Lπ + * :
is not always fully faithful under conditions of the conjecture, but we expect that it is such when X is replaced by the fibred product of X and X + over some common singular contraction of X and X + . Namikawa proved that this is the case for Mukai symplectic flops [Na] .
A fully faithful functor 
Noncommutative resolutions of singularities
In this section we will give a perspective for categorical interpretation of the minimal model program by enriching the landscape with the derived categories of noncommutative varieties.
Let π : X → X be a proper birational morphism, where X has rational singularities. 
When a greater number of quadrics is intersected, objects of noncommutative geometry naturally show up: instead of coherent sheaves on hyperelliptic curves we must consider modules over a sheaf of noncommutative algebras. More about noncommutative geometry is in the talk of T. Stafford at this Congress.
Consider a system of m quadrics in P(V ) , i.e. a linear embedding U φ → S 2 V * , where
Let X , the complete intersection of the quadrics, be a smooth subvariety in
be the coordinate ring of X . This graded quadratic algebra is Koszul due to Tate [Ta] .
The quadratic dual algebra B = A ! is the generalized homogeneous Clifford algebra. It is generated in degree 1 by the space V , the relations being given by the kernel of the dual to φ map S 2 V → U * , viewed as a subspace in V ⊗V . The center of B is generated by U * (a subspace of quadratic elements in B ) and an element d , which satisfies the equation For m = 0 , i.e. when there is no quadrics, the theorem coincides with Beilinson's description of the derived category of the projective space [Be] . For m = 1 , this is Kapranov's description of the derived category of the quadric [Kap] . This theorem illustrates the principle from section 3. The fully faithful functor is related to the moduli space of vector bundles on X , which are the restrictions to X of the spinor bundles on the quadrics. The (commutative) moduli space involved is either P(U ) or Y , depending on parity of n .
Algebraically, the fully faithful functor in the theorem is given by an appropriate version of Koszul duality. Theorem 6.1 has a generalization to a class of Koszul Gorenstein algebras, which includes the coordinate rings of superprojective spaces.
